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Shape Optimization with an Unfitted Finite Element Method
Jeremy T. Shahan & Shawn W. Walker

Department of Mathematics, Louisiana State University

Abstract We use a standard levelset formulation to update and track the Lemma S; lat;
boundary 90 Imulations
We present a formulation of a PDE-constrained shape optimization prob- oundary '
lem that uses an unfi‘_cte.d finite .element method (FEM). The geometr.y IS Given f € Wl,l(Rd) and U € Wl,oo(Rd) we have:
represented (and optimized) using a level set approach and we consider
objective functionals that are defined over bulk domains. For a discrete \va U(:I?)
objective functional (i.e. one defined in the unfitted FEM framework), we lim lim [f(CDU)Pe((DU) — f(x)pe(x) dr = (
show that the exact shape derivative can be computed rather easily. In 1U1[jy1.00—=0 €20 /0 HU‘ |W1’°O
other words, one gains the benefits of both the optimize-then-discretize f/ f((DU),Oe(q)U) — f(fE),Oe(ﬂf) \
and discretize-then-optimize approaches. 0O []
. . Wl,oo
We illustrate the method on a simple model (geometric) problem with lim  lim « 1ol r =0
. o | U106 50 €30 i Ul@)
known exact solution, as well as shape optimization of structural designs. | —V|f(x)pe(x) dx Figure 4: Initial Guess Figure 5: Resulting Domain
We also give some discussion on convergence of minimizers. \ HU‘ |W1’°O )
This is joint work with Shawn W. Walker (walker@math.lsu.edu, LSU) Figure 2: Example choice of > (black) The levelset remains unchanged along the boundary oD

Where p. is a reqularization of x7 and Py(x) = x+ U(x).

We fix the levelset function along > C 9D to retain a feasible

Model Problem shape, as depicted above. The proof follows from approximating f by smooth f7,
continuity, and the fact that

Consider the following linear elasticity problem: Stabilization Forms
; L . [ 1x2(®0) = xr(@)ldz S ||U]| (0
e NeR e 1 : displacement field Q
- /
e 0O) =T UT ® /i, A are Lamé parameters Stabilized Nitsche Form
o IpNliy,I'pnly= 0 ¢ G(Vu) - = [Vu + VUT]/Q an($n; u; v) :=al$h; v, v) = (o (w)v, V), , = (U, o())r,, A E S Figure 6: Initial Guess Figure 7: Resulting Domain
Yoh™Ho(Qp; u,v) + yvh(o(u)v, o(v)v)r,
_DZU(U) — f in ) b(Qh; u, U) ::2M(u7 U)Fh,D + )‘(u "YU V>Fh,D I JT(QU) — JT(Q) — 5QJ<Q)(U) _ 0
o 2,&6(?1,) —+ )\tr(g(u))[ in O) Xh(QhS u, U) ::X<Qh§ ”U) + ’)/Nh<gN, O-(U)V)Fh,N ||U||1:/?io—>0 HU| |WLOO -
u =0 on FDUf‘D e where yp > 0 and vy > 0 (we choose vy = 0)
0 -V =gN on Iy UTy , Full Scheme Where (y := 2y (§))
A Lagrange Formulation
Wlth "hold—a”" domain D and Q given as: Ah(Q;u,v) = CLh(Q;’LL,U) +”yssh(]:ng;u,v) +’ysh23h(F2§N;u,v)
~ Find uj, € V3(€2) (the finite element space) such that L(gh; Uy Gn) = (85 0n) = An(E2050n, G) + X205 Gn) Figure 8: Initial Guess Figure 9: Resulting Domain
....................................................... Ino 1 A8ty 08) = n(Shh5 V), Von € Vil ) O TP = 0 B o v, D oman) - (4)
Minimization Problem : __ We chose the initial domain in to try to replicate the qualitative
70 D) | ) (3) First Order Conditions results of [3] and we produce a shape nearly identical. The
miny U min)) = 111111 , U O, 77, 7 _ O, 77, T _ : : :
. e VOEA, Yo, soving (2) 00 L{(82h:; Tn, P ) (20) =0 00, L (i n, Pp)(Y) = 0 levelset remains unchanged on > as in Figure 2.

duhL(ﬁh; Up, z_jh) (wh) =0
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Ap(Qn; wn, vn) =xn(2; vp) Yo, € V() S

Shape Optimization Scheme AnlShiwn By) =0u St vn)(wn) — Veon € Valth) [1] Christopher Basting and Dmitri Kuzmin. “A

/\ ................................................. | Shape Derivative
I'n

minimization-based finite element formulation for
interface-preserving level set reinitialization™. In:

We make some additional assumptions:

o '=TpUTly is fixed. e =0 |
. Computing Vol. 95 (May 2012).
J(Q) = / f@)de S @QU) = [ fl@)U(a)- v dS(a) _ |
Figure 1: | 0 ) _Q o * I'p=0 ® 97 Uonasubset of I'y [2] Erik Burman and Peter Hansbo. “Fictitious domain finite
. L . | Given /() defined on D and independent of the shape {2 Due to these assumptions and (5) we have the following exact element methods using cut elements: |l. A stabilized
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We minimize the compliance shape functional given by Shape Derivative on a Cut Element

J(Q,v) = x(Q,v) + apl€], ag > 0 Jr(§2) = f(x)dx  6oJpr(Q)(U) = /amTf(a)U(a) v dS(a)

ONT
Compliance measures the elastic energy. A shape with low Given f(x) defined on D and independent of the shape (2 o Make sure the perturbed domain is still feasible

compliance will be stiff. e Boundary functionals are an issue
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