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Model Problem

Consider the following linear elasticity problem:

m QCR m v : displacement field
m O =TUfl m , A are Lamé parameters
[ | FDﬁFN,IA'DﬂIA'N:(Z) [ ] €(VU) = [VU—i—VUT]/Z
—Div(c) =f in
o =2ue(Vu) + Atr(e(Vu))l inQ (1)
u=20 onlpU [D
o-V=gpn on'yUTlp

Where [ is the inactive boundary and I is the active boundary. &
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We view (1) as solving for
the displacement of a

cantilever beam.

Load
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Weak Formulation

We define the following linear and bilinear forms:

X(Q; V) ( ) (g/\la )rNUﬁN
a(Q; u,v) =2u(e(Vu),e(Vv))a + AV - u,V-v)q

And we state the weak formulation of (1):
Let Vp = {v € H(Q) : v|r, ¢, = 0} and find u € Vp such that

a(Q u,v) =x(2;v) VYve Vp(Q) (2)
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Levelset Formulation

m ¢, :RY = R a Lipschitz m Q= {x €D: ¢gu(x) <0}
levelset function m [ ={xeD:py(x)=0}
€, and Q5
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Stabilization Forms

We define the stabilized Nitsche Form:
an(Qp; u, v) ==a(Qp; u,v) — (o(v)v,v)r, , — (u,0(V)V)r, ,
Yoh L b(Qp; u, v) + ynh(o(u)r, a(V)V)r,.u
b(Qp; u, v) :=2u(u, v)r, p, + Mu-v,v-v)r,
Xh(Q2h; u, v) :==X(Qn; v) + ynh(gn, o (v)v)r,
m where yp > 0 and yy > 0 (we choose vy = 0)

And we define the Facet stabilization form:

spr(u,v) = h2/ (u1 — w2) - (vi — wo)dx

wF
m 71 and T, neighboring ® uj,v; is the canonical
elements extension of uj| 7, and vj| 1,
mwp:=T1UTy mF=T1NT;
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Unfitted Finite Element Scheme

o “ep

We define a new bilinear form including the stabilization forms:

An(Q; u, v) == ap(2; u, v) + yssp (]:Z;:D; u, v) + yshsp, <]:Z§[N; u, v)

Full Scheme:
Find up € V(Q24) (discrete finite element space) such that

An(Qp; un, vh) = Xa(Qnive),  Yvi € Vi(Q2p) (3
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Minimization Problem

We focus on minimizing the compliance. Compliance measures the
internal elastic energy and is defined as

J(Q;v) == x(Q;v) + a0, ap >0 (4)
We state our minimization problem:

J(Q2h, min; Qp.min)) = i J(p; 5
( , Uh( , )) VQhEA,VrChlgolving (3) ( h Vh) ()

m A is the set of admissible

m 4 is the discrete domain
shapes
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Lagrangian Formulation

In order to free the PDE constraint of our minimization problem
(5), we introduce a Lagrangian

L(Qp; Vi, gn) :=J(2n; vi) — An(Qh; Vi, Gn) + Xa(2h; n)

L(Qp:Tp, Pp) = i L(Qp; v, 6
(26; T4, P) VQhGA,@VIhnEVh(Qh)VQhan\?h)((Qh) (820 v a1) ©)

Which leads to the first order conditions:
O, L(Q; T, Bp)(vh) =0 0, L(Qn: Tp, P)(Y) =0
S, L(Q; T, Pp) (wh) =0

which implies that Uy and p, solve the variational problems

An(Qh; Uny vi) =Xh(Qn; vi) Vv, € Vi(Qh)
An(Qp; wh, Br) =00, J(Qp; ve)(wh)  Ywp € Vi(Qp)
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Shape Optimization Scheme

Let f(x) be defined on D and independent of the shape Q and
recall the shape derivative of a bulk shape functional

5(Q) = /Q F)dx ad(@Q)(V) = /a A(@)V(2.0) v dS(a)

We assume that no segment of OS2 lies
directly on any facet. With some work,

aQ one can obtain the exact shape
derivative on a cut element to obtain:

T = X)ax
17(Q) ._/mTf( d

Sodr(Q)(V) = / F(a)V(,0) - v dS(a)

oNT
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Discrete Shape Derivatives

We make the following assumptions
m i =FpuUfy is fixed. mf=0
mlp=10 m g # 0 on a subset of [y

We can compute the following shape derivatives over discrete
functionals

30, An(Qn; up, vip)(Y) = /r 2ue(Vup) 1 €(Vvp) + MV - up)(V-wp))Y - v

6QhXh(Qh; Vh)(Y) =0 5QhJ(Qh; Vh)(Y) = ao/r (Y . I/)

S0, L(Qps uy up)(Y) = / 2ule(Vup)? + AV - a2 + a0)Y - v
Iy

For all v, € V() and all admissible shape permutations Y.
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Cantilever with 11 holes, gy = (0, —1) on far right

We start with an initial
shape (top) having 11
holes spaced evenly and
we do not update the
levelset function along the
boundary so that it retains
its rectangular shape.

The resulting image
(bottom) is shown
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Cantilever with 4 holes, gy = (0, —1) on far right

This time we allow the
levelset function to be
updated on a portion of
the boundary, but still
restrict the levelset on the
boundary depicted in black
here:

The initial guess (top) and

resulting shape (bottom@
are displayed. L
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Cantilever with 12 holes, gy = (0, —1) on far right

We again restrict the
update of the levelset on
the boundary depicted in
black here:

And from this simulation
we produce qualitative
results similar to that in

3]
&
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