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We present a formulation of a PDE-constrained shape optimization
problem that uses an unfitted finite element method (FEM). The
geometry is represented (and optimized) using a level set approach and
we consider objective functionals that are defined over bulk domains.
For a discrete objective functional (i.e. one defined in the unfitted
FEM framework), we show that the exact shape derivative can be
computed rather easily. In other words, one gains the benefits of both
the optimize-then-discretize and discretize-then-optimize approaches.

We illustrate the method on a simple model (geometric) problem with
known exact solution, as well as shape optimization of structural designs.
We also give some discussion on convergence of minimizers.
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Levelset Formulation

e [’ active boundary e [ C D inactive boundary
<

Perturbed Levelset Function

b(x,t) = ¢lx) + tn(x) (2)

e Oy :={zeD:dx,t) <0} o I,:={zxeD:dt)=0}

Model Problem

Consider the following linear elasticity problem:

e ) e R e 1 : displacement field
e 00 :=TUT ® /i, A are Lamé parameters
® FDHFN,fDﬂfN:@ ® E(VU) = [VU—FVUT]/Q
—Div(o) = f in (2
o = 2ue(u) + Mtr(e(u))l  in §2
uw =20 onlpU fp
-V =gn OnFNUfN
With "hold-all" domain D and 2 given as:
I'n

Figure 1:

We define the following linear and bilinear forms:

X (2, v) == (f,v)a+ (gn, ’U)rNUfN
a($u,v) = 2u(e(Vu),e(Vv))g+ AV -u,V - v)g

Weak Formulation

Let Vp := {v € H'(Q) : v[, =0} and find u € Vp such that
a(), u,v) = x(Q,v) Vv e Vp(Q) (1)

We will use the notation u(2) to emphasize the dependence of the unique
solution on )

We minimize the compliance shape functional given by
J(Q,”U) = X(Q,U)—l—ao‘ﬂ‘, ag > 0

Compliance measures the elastic energy. A shape with low
compliance will be stiff.

Consider the ODE describing the trajectory x(t)
r=V vVt > 0
2(0)=a €D

If a € [y then ¢(z(t),t) = 0 for all sufficiently small ¢
provided that

Vo(z,t)
Vo(x,t)

Additionally, we restrict 1(z) to 0 on ¥ C 9D in order to force
the shape to remain feasible.

V(a,t) = (e

Figure 2: Example choice of > (black)

Stabilization Forms
Stabilized Nitsche Form

an(Qn; u,v) =a(Qp;u,v) — (o(uw)v,v)r, , — (u,c(V)V)r, ,
Yoh™'o(Q; w, v) + yyh(o(uw)y, o(V)V)r,
b(2h; u, v) :=20(w, V), , + AMu-v,0- V),
Xh(QhS u, U) ::X(QhQ 2}) + fYNh(gNa O-(U)V)Fh,N

Minimization Problem

J(Qh; ?)h) (4)

T (i U (Qnmin)) = |
< h,mmauh( h,mzn)) th€A7£’Iq};Islolving (3)

e A is the set of admissible shapes o (), is the discrete domain

Shape Optimization Scheme

7(Q) = /Q fapde  8I@W) = [ f@V(@0)-vdSo
)

Given f(x) defined on D and independent of the shape ()

v With some work one can

T obtain the exact shape
derivative on a cut element

Figure 3: Cut Element

Shape Derivative on a Cut Element

5o I (Q)(V) = /8  Ha)V(a.0)-v dS(a)

(5)

Jr(§2) = QﬁTf(x)daz:'

Given f(x) defined on D and independent of the shape

Lagrange Formulation

L(Qp; v, qn) :=J (5 0n) — An(Qn; vn, qn) + X0 (5 an)

L($,: vy, 6
VQLe ANvLEVL(Q) thlgl‘%l}(cgh) ( h; Uh Qh) ( )

L(Q; @y, py,) = i1

First Order Conditions

0g L(Qn; W, By ) (21) =0 00, L(S; T, By )(Y) = 0

5th(§h; Up, Z_jh) (wh> =0
which implies that u; and pj, solve the variational problems

Ah(_ﬁh;ﬂm vp) =Xh(§£)h) Yy, € Vh(@)
Ap(Qnswn, Pr,) =00, J (s on)(wp)  Ywy, € V()

e where yp > 0 and yx > 0 (we choose vy = 0)

Local Stabilization Form

Spr(u,v) = h2/ (U1 — u9) - (v — v9)dx

® 1w, v; is the canonical
extension of u;|r, and v;|7;

e [7 and 15 neighboring
elements

.wFI:T1UT2 ‘FZ:TlﬂTQ

The global stabilization form for a set of facets F is given by:
sp(Fru,v) = > spp(u,v)

FeF

Full Scheme

Ap(Qu,v) = ap(Q;u, v) + Y8 (’szﬁ u, v) + vsh*sp, (fzch; u, v)
Find uy, € V3,(€2,) (the finite element space) such that
Ap(Qp;un, vn) = xa(Qnivn), Yo € V() (3)

We make some additional assumptions:
Of:fDUfNiSfixed. o =0
o ['ph=1 ® g # 0 on asubset of 'y

Due to these assumptions and (5) we have the following exact
shape derivatives:

00, Xn($2n; vp)(Y) = 0

5o, J () (V) = ag /F ¥ -v)

00, An($2n; un, va)(Y) =

g 2ue(Vuy) = €(Vup) + MV - up)(V-up))Y - v
h
For all vy, € V3(€)) and all admissible shape permutations Y.

5QhL(Qh§ U, uh)(Y) — . 2,u E(Vuh)|2 + )\|V : uh\Q + CLQ)Y -V
h

Future Directions

e Make sure the perturbed domain is still feasible
e Boundary functionals are an issue

Simulations

Figure 4: Initial Guess Figure 5: Resulting Domain

The levelset remains unchanged along the boundary oD

Figure 6: Initial Guess Figure 7: Resulting Domain

Figure 8: Initial Guess Figure 9: Resulting Domain

We chose the initial domain in to try to replicate the qualitative
results of [3] and we produce a shape nearly identical. The
levelset remains unchanged on X as in Figure 2.
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